We use certain norm inequalities for 2 × 2 operator matrices to establish norm inequalities for sums of two basic elementary operators on a Hilbert space. Further, we give necessary and sufficient conditions under which the norm of the above sum of elementary operators attains its optimal value. Applications of the inequalities obtained are also considered.
Introduction
Let A be a complex Banach algebra. An elementary operator on A is a linear mapping of the form The norm problem of an elementary operator consists in finding a formula which describes the norm of an elementary operator in terms of its coefficients. It has been considered by many authors, see [2] [3] [4] [9] [10] [11] 13, 14, [16] [17] [18] and references therein. We refer to the recent paper [19] for a formula for the norm of an elementary operator on a C * -algebra, involving matrix-valued numerical ranges and a kind of tracial geometric mean.
In the second section of the present paper, we shall be concerned with some useful estimates for the norm of the elementary operator M A,B + M C,D , when A, B, C and D are bounded linear operators on a complex Hilbert space H . As applications, we derive some operator norm inequalities. The third section is devoted to the triangle "equality," that is, we establish necessary and sufficient conditions on the operators we provide an answer to [14, Problem 9] (see Corollary 3.6 below). In the last section, we give an estimate for the norm of a Jordan elementary operator on arbitrary C * -algebra.
We conclude this section with some notations and terminology. Given a complex Hilbert space H , we denote by B(H ) the algebra of all bounded linear operators acting on H . If A ∈ B(H ), we denote by W (A) its numerical range defined by
It is known that the closure of the set W (A) is compact, convex and A = sup{|λ|: ∈ W (A)} whenever A is a self-adjoint operator on H (see [5] ).
Let A, B ∈ B(H ). Following [8] , the numerical range of A * B relative to B is defined to be the set
In the case A = I this reduces to the Stampfli maximal numerical range W 0 (B) of B, see [16] . The set W B (A * B) enjoys a number of exceptional properties listed below (see [8] ): The normalized maximal numerical range of a bounded operator T ∈ B(H ) is given by
is nonempty, closed, convex and contained in the closure of the numerical range of T , see [16] . Let E be a normed space. If T : E → E is a bounded linear operator, we denote by T : E → E the norm of T , or simply by T when there is no confusion.
Throughout, I stands for the identity operator of B(H ). If A ∈ B(H ), we denote its adjoint by A * . The real part and complex conjugate of a complex number z are denoted by (z) and z, respectively.
A general norm inequality
Before we state and prove our first result we need a technical lemma. 
. It is easy to check that
C . Hence we get
Besides some special cases, the norm of the operator M A,B + M C,D is usually difficult to compute (see [10, 17] for examples). The following estimation could be more useful.
Theorem 2.2. If A, B, C and D are operators in B(H ), then
Proof. Let X ∈ B(H ) and x ∈ H be given such that X = x = 1. We have
and
DB * DD * , we obtain by virtue of Lemma 2.1,
On the other hand, we have
As in the above, we deduce that
This ends the proof. 2
The majorisation in Theorem 2.2 can be used to derive several operator norm inequalities:
Corollary 2.3. For A, B ∈ B(H ), the following properties hold:
(
Proof. The inequality in ( 
To see this, observe first that, since
Thus, the inequality (2.1) follows from Corollary 2.3(2). We refer to [7] for other norm inequalities for sums of operators having orthogonal ranges. 
For the Jordan elementary operator U A,B we get the following upper estimate which is sharper than the triangle inequality. From these inequalities we may deduce the following: 
In particular, we conclude that if U A,B = A B , then the operator A * B may not be normaloid. 
The triangle "equality"
Our next aim is to establish necessary and sufficient conditions on the set {A, B, C, D} of operators so that the norm of M A,B + M C,D equals its optimal value.
The following theorem is a generalization of [2, Theorem 1].
Theorem 3.1. For nonzero operators A, B, C, D ∈ B(H ) the following properties are equivalent:
Proof. (1) ⇒ (2). Suppose that M A,B + M C,D = A B + C D . Then we can find two unit sequences
We have, for each n 1, where n ∈ C, with lim n n = 0. Combining (3.1)-(3.3) we obtain
From this we derive that
so it follows immediately that δ C * A,−DB * = A C + B D = C * A + DB * . So from [16, Theorem 7] it turns out that Thus, there exist two sequences {X n } n ⊆ B(H ) and {x n } n ⊆ H , with X n = x n = 1 for each n such that
As in the above we deduce that lim n B * x n = B . Thus, one can write BB * x n = B 2 x n + z n , where z n ∈ H with lim n z n = 0. From the equality (3.4) it follows that
From this we conclude that
This completes the proof. 2
Corollary 3.2. For A, B ∈ B(H ) the following properties are equivalent:
( in [7] , we see that the following are also equivalent: 
Proof. 
The next result, obtained as a special case of Theorem 3.1, is a generalization of [12, Theorem 9] . It provides a solution to Problem 9 in [14] . 
An estimate for the norm of a Jordan elementary operator on a C * -algebra
In this section, we establish an upper bound for the norm of the Jordan elementary operator U A,B on a C * -algebra. It is known (see [11, p. 364 We conclude with the following questions posed also in [12] . 
